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Abstract
We calculate the chiral anomaly in the neighbourhood of the fixed point space Mh which
is constructed by the group action of a discrete symmetry h on a compact manifold M.
The Feynman diagrams approach for the corresponding supersymmetric quantum mechanical
system with twisted boundary conditions is used. The result we derive in this way agrees with
the generalization of the ordinary index theorem (the G-index theorem) on the spin complex.
1 Introduction
Techniques of supersymmetric quantum mechanics have been extensively used as tools to com-
pute chiral and trace anomalies of n-dimensional quantum eld theories coupled to external
gravitons and Yang-Mills elds [1]. The reason is that cumbersome trace calculations in n-
dimensions are performed much easier in this way than in the Fujikawa’s scheme [2] where one
has to evaluate products of γ matrices.
For chiral anomalies the partition function receives contributions from periodic bosonic
coordinates and the projection operator (−1)F replaces the antiperiodic boundary conditions
for the fermions with periodic ones. It is worth noting that chiral anomalies due to their
topological nature are insensitive to the method used for calculating them in contrast to the
trace anomalies which are not.
In this article we introduce twisted boundary conditions for bosons and fermions induced
by automorphic maps of the base manifold. For convenience we consider ZN as the discrete








where (−1)F is the 4n analogue of γ5, F is the one-dimensional fermion number, P is a projec-
tion operator which selects those states of the total Hilbert space that remain invariant under
the group action and H is the N = 1 supersymmetric Hamiltonian. The paths of the points
that belong to the group invariant subspace dominate in the functional integral. Away from
the xed point space the corresponding contributions are exponentially suppressed.
The extra contribution to the chiral anomaly comes from the vacuum expectation value of
a vertex that couples the complex zero modes of periodic fermions with the complex bosonic
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quantum fluctuations. Writing then the chiral anomaly as a double sum of the relevant twisted
worldline graphs all satisfying the same boundary conditions, we recover the standard result of
the literature [3, 4, 5].
2 The group action and the Hilbert space
We consider a compact Riemannian manifoldM (which might be curved with nontrivial metric)
of even dimension dimM = 4n with coordinates described by the real bosonic elds xµ(). In
the supersymmetric quantum mechanics we also have Majorana fermions living on the sections
of the pullback of the tangent bundle of the tangent space TM with dimTM = 4n. When our
base manifold has a discrete isometry h 2 G then there is a submanifold Mh (possibly of non
vanishing dimension) that remains invariant under the corresponding group action. We may
also assume that the manifold M is Ka¨hler equipped with a complex structure J preserved
under the action of h:
h  J = J  h (2)
where the asterisk represents push-forward of the vectors. If the normal bundle NM(Mh)
decomposes into flat complex bundles then the real dimension at a point p of Mh is:
dimMhjp = m = 4n− 2s: (3)
The above constraint implies that Mh is of even dimension. The specic choice for the dimen-
sion of the base manifold is implied by the existence of the untwisted chiral anomaly only in
4n-dimensions. Note that we may use for Mh the same J as that used for M.
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where i = 1; : : : ; dimNM(Mh)=2, i = 2piN ki, ki = 0; : : : ; N − 1 and Ui satises UNi = 1. Since
Ui is an orthogonal matrix it can be diagonalized by a unitary matrix Mi:
MiUiM
y
i = Ui,diag (5)
















Thus, adopting complex notation for the bosons on the normal bundle we impose the fol-
lowing twisted boundary conditions:































and similar twisted conditions hold for the fermions on the tangent space. Thus the base
manifold coordinates split into the following set:
xµ = (xl; X i; X
i) (8)
where xl, l = 1;    ; m describe the xed point manifold. These coordinates can be decomposed
into background trajectories obeying the boundary condition xlbg( = −1) = xlbg( = 0) and a
quantum fluctuating part with ql( = −1) = ql( = 0) = 0. On the other hand the X i; Xi,
i;i = 1;    ; (4n − m)=2 describe the manifold normal to Mg and the appearance of twisted
boundary conditions does not allow the existence of a classical part but permits only a quantum
part (denoted by Qi; Q
i respectively).
Recalling the standard lore or orbifold theories [6], each ki-sector (one for each conjugacy
class in the group) has its own mode expansion and Hilbert space Hki 2. The total Hilbert
space is the direct sum of Hki:
H^itot = Nki=1Hki: (9)
The physical Hilbert space Hiphys consists of states that remain invariant under the action of
all h^ki :
H^iphys = P^ iHi (10)
with the projection operator dened by:





Notice that P i is indeed a projection operator since (P^ i)2 = P^ i and h^kj P^ i = P^ i.
3 Interactions and propagators
The total interaction Langrangian density decomposes into an untwisted and a twisted part:

















The rst term corresponds to the interaction on the base manifold while the second describes
the interaction on the normal bundle.
The propagator for bosons that move along the bres R2 of the normal bundle is:
2In the non-Abelian case the twisted sectors should be labeled by the conjugacy classes Ci of the group G.
The projection operator is replaced by Pˆ = ∑i 1jNij∑g2Ni gζfhg where the centralizer Ni is defined by Ni =
fgjh 2 Ci : [g, h] = 0g and the action of any g 2 Ni on ζfhg is defined by gζfhg = (gζfhg, l1gl−11 ζfl1hl−11 g,   ).
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< Qi()Q
j() >ki= −hgijbki( − ) (13)
where gi
j is the metric on the normal bundle and bki is the Green’s function given by:












bki( − ) = ( − ) (15)
and in addition, it is subjected to the boundary condition:
bki(;−1) = eiθibki(; 0): (16)
on the time interval [−1; 0]. One then nds the solution:






from which by setting ki = 0 we recover the center-of-mass Green’s function [7]:









( − )( − )− 1
2
( − )2 − 1
12
: (18)
The fermionic propagator is:
< Ψi()Ψ
j() >ki= g
ijfki( − ) (19)
and fki is given by:






4 Twisted chiral anomaly













































(1 − 2)ki(2 − 3)   ki(l − 1) (22)
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and all bosons are twisted in the same way with ki( −) = ∂∂σki( −). The combinatorial
factors (l − 1)! and 2l−1 stand for the ways one can contract l vertices and two q elds at l
vertices respectively. The multiple integral can be evaluated using successively:∫ 0
−1
ki(1 − 2)ki(2 − 3) d2 = ki(1 − 3); (23)
∫ 0
−1





ki(1 − 4) (24)
...
























. If we compare this result with the one derived from the untwisted sector [7] we



















where f(z) = Γ
′(z)
Γ(z)
and Γ(z) is the well known gamma function (see Appendix for details).
On the other hand the propagator is equipped with a metric which upon contraction with the
Riemann tensor provides us with a vanishing result, so again only even values of l contribute.
The twisted chiral anomaly is then propotional to:












































where z = Rmn¯
8ipi
. Performing rst the summation over l, then over n and making use of the


































































where ~ki = 2ki +
iRmn¯
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The last equality in (29) can be justied from the fact that:
sin(ki + z) =

sin(ki+2 − z) for ki + 2 < ki
sin(ki − z) for ki + 2 = N
sin(ki−2 − z) for ki + 2 > ki
: (31)
This expression is in agreement with the one found by Eguchi [3] and Witten [4, 5].
5 Conclusions
We have extended the Feynman diagrams formalism developed by the authors [7, 8] to calculate
chiral anomalies when twisted boundary conditions are present. The starting point was the
expression that incorporates all the q-loop contributions to the chiral anomaly in which all
bosons were subjected to identical boundary conditions.
A complete and meticulous examination of this problem would require steps similar to those
presented in [7, 8] but this task is postponed for a future investigation. It is belevied our result













where a is a constant. The contribution Iki,1 can be rewritten as:
Iki,1 = (1; ki)− (1; 1− ki): (33)













Also from Γ(z)Γ(1 − z) = pi
sin(piz)





Γ(1− z) = − cot(z): (35)
Combining (34) and (35) we arrive at (26).
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